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Exercise 1 Conceptual model — lake eutrophication

Phosphorusiis the nutrient thet is generdly limiting primary production in lakes. Increasing

the input of phosporus increases the concentration of phytoplankton, which may have a
radicd effect on water quality. Cladoceran grazers (zooplankton) are the main consumers of
lake dgee and may reduce alga biomass.

To overcome the negative impacts of eutrophication, the concept of biomanipulation was
introduced in the seventies, which consisted of reducing the predation pressure on these large
cladocerans. When successful, this trestment resulted in a reduced phytoplankton biomass and
ahigher zooplankton biomass dominated by large Dgphnia. However, severa cases were
reported where this manipulation failed to give the desired results. Close examination
reveded that failure was mogt likdly in lakes that received a phosphorus input above acertain
criticd leve.

Tasks:
Make a conceptua modd that may serve to investigete the effect of biomanipulation on alake
ecosystem.

Review the components thet should be induded in the modd.
What gate varigbles will be in your modd?

What forcings?

Wheat types of relations?

What will be the space and time scae of your modd?

Draw your modd structure on atransparency. Some of you will beinvited to present it to the
group for discussion.

How would you investigate the effect of biomanipulation ?



Exercise 2 Model formulation: nutrient-limited batch
culture.

Phytoplankton is grown in awel-mixed
culture vessdl. At the start of the experiment,
the alga concentration is0.1 mmol N n¥®, the

dissolved inorganic nitr DIN
P hyto 'Z% D I N concentration ?L?mmolﬁ?ng Otr)uar nutrients
and light are never limiting the growth of the
dgee.

We assunme:
1. Themaximum DIN upteke rate of the dgaelsset by the prevailing light conditions,
and given by the parameter pmax=1.0 d™.
2. Actuai3 nitrogen uptake is governed by Monod kinetics with parameter ks=1.0 nmol
N.dm”.

DIN

DINuptakeRate = p maxx——
DIN +ks
Tasks:

1. What are the units of DINuptakeRate.

2. Investlgetethe Monod kineticsin a spreadshest.
Make a block with parameters of the mode (pmax; ks). Use the Insert/ Names/
create command to give the parameters easy names that can be used in the
formulas.
Beow this block, write the functiona dependency in successve columns. In the
first column, give arange of DIN, from 0to 50 nmol N.dm™ each value 0.5 nmal
N.dmi® larger than the previous value. In the next column calculate the DIN uptake
rate redised by the algae under these DIN concentrations. Use the named
parameters in the equations.
M ake a graph of thisrate as afunction of DIN. Now vary the input parameters
pmax and ks and look at the consequences for the uptake rate.

3. Makeamodd that describes the concentration of the agae as afunction of time.
a. Start with a conceptud modd. What are the Sate varidblesin this modd ?

Which are the flows? Draw the flow chart.

b. Now write the mathematica equationsfor thismodd.

4. Check the mass baance of your mode!. |s mass conserved by your equations?




Exercise 3 Model formulation: nutrient-limited chemostat

model
The next experiment thet we will modd issmilar to
. the previous, except that the culture vessd is not
Nin dlosed,
A Now culture medium is pumped continuoudy into the
3 vessH, where it is mixed homogeneoudy with the
4 exigting contents. An identica amount of the existing
, contents in the vessd is removed by this process.
&% s
8 We dedl with anutrient-limited chemostat where the
culture medium that is pumped into the chemodat is
PhytO DIN poor in nutrients. Here we will again consder acase
with nitrogen limitation, where light is assumed to be
present in surplus.
Assumptions:.

1. Themaximum growth rate of the algae is st by the prevailing light conditions, and
given by the parameter pmax=1.0 d".

2. Nitrogen uptake is governed by Monod kinetics with parameter ks=1.0 nmal.di®.

3. For the concentration of inflowing nitrogen use parameter Nin=10 mmol.dmi® and for
dilution rate DilRate assume that 1% of the vessdl content is replaced per hour.

1. Write the coupled modd equetions.

2. Check the dimensiond congstency of your modd. Write out the dimensions a both
sdes of the equdity signs and check whether they are the same.

3. Check the mass badance of your modd.

Istotal massin the culture vessd dways congtant? Tip: massis condant when the rate
of change = 0. In this case the rate of change of tota nitrogen concentration in the
modd should be 0. Remember that d(a+b)/dt = da/dt + do/dt. Can you find the
conditions when totd mass in the medium will be congtant?

Is mass conserved by your equations? The principle is to compare the rate of change
of tota nitrogen per unit time in your modd with the mass of nitrogen flowing per unit
of time over the incoming and outgoing boundaries. All biologica terms should cancel

in the rate of change of tota nitrogen.

4. Irvedigate the growth rate of the agae as afunction of prevailing nutrient
concentrations in the medium. Make a column with varying nutrient concentrations. In
the next column express DIN uptake rate of the dgae as afunction of nutrient levels,
and in the next express net growth rate (taking into account the parameter DilRate).
Vary theleve of input concentration of nutrients and of dilution rate and look at the
changesin growth rate of the dgee.



Exercise 4 Detritus-bacteria model

BACT

HMWC

high-molecula-weight dissolved organic carbon (HMWO). Thisin turn is attacked by
enzymesto yidd low-molecula~weight dissolved organic carbon (LMWC), which can then
be taken up by the bacteria BACT) which grow oniit.

LMWC

Detritus in the marine system is degraded by the
action of heterotrophic bacteria Thisisnot aone-
step process. bacteria cannot ‘eat’ detritus!

Y ou will make amodd that is doser to the redlity
of the process.

It consders that particulate detritus (POC) isfirgt
degraded by the action of becterid exoenzymesto

Assumptions:

1

We will not modd the exoenzyme concentration explicity in the modd. Insteed, we will
assume that the maximd rate of hydrolys's (degradetion) of POC and of HMWC is
proportiona to bacterid biomass [note: it are the bacteriathat perform the work, they set
the maximdl rate]. We will use the parameters K yaxpoc ad K maxamwe @ maximd
gpecific rates for the hydrolysis of POC and HMWC respectively.

The hydrolysis of POC and HMW(C islimited by the concentration of the resource. We
will use Monod kineticsfor both limitations, with half -saturation constantskspoc and
ksumwc respectively.

POC is produced by dgae which are externd to our modd. We impose a congant influx
of POC into the modd system as Fluxpoc. POC is consumed by hydrolyssto HMWC.
HMWC is produced by the hydrolyss of POC, and log by hydrolyssto LMWC.
LMWC is produced by the hydrolyss of HMWC, and logt by the uptake by bacteria
Again we assume that maximum uptake is directly proportiond to bacterid biomass, with
rae parameter UPmax, and limited by substrate availability: Monod kinetics with
parameter Ksup.

Becteria grow by uptake of LMWC, but loose carbon by basal respiration (rpas) and by
activity respiration: they respire afraction ploss of the uptake. Moreover, bacteriaare
subject to predation, and thisis moddled as a quadratic closure term, with parameter
rclos.

Summary of parameters and their vaues:

Model parameters

kmaxpoc 0.75 dt

kmaxhmwc 05 d*

Upmax 2 dt

Kspoc 100 mmolC.m™
kshmwc 5 mmolC.m™
Ksup 05 mmolC.m™
Rbas 01 d?

Ploss 05 -

Rclos 0.05 (mmoIC.m'B)'l.d'l




Forcing function

FluxPOC 05 mmolC.m3d"*

Tasks:

1. Make a coupled modd of this process. First define your sate varigbles. Then for eech sate
variable sketch the influxes and outfluxesin aflow chart. Then write the formulations for

each of these fluxes. Findly assemble the differentid equations of your date varigbles asthe
sums of these pogtive and negative fluxes.

2. Check the dimendondity of your model

3. Study the numerica solution of the mode that we have prepared in a Soreadshest
(bacteriaxls). We used the fallowing initid conditions:

Initial conditions

POC_init 1000mmolC.m™
HMWC_init 5mmolC.m™
LMWC _init 0.15mmolC.m™
BACT init 5mmolC.m™

The modd is solved numerically usng Euler integration:
t
C*™ =C'+Dt xc;—c
t
A time step Dt (ddt in the spreadshest) of 0.1 d isused.

After ablock with parameters, you will find the actua modd solution in a number of

columns. In afird column, timeis updated. The first row has the vaue time=0, subsequent
rows update the vaue of time by summing the time step ddlt to the previous vdue.

The next column isthe rate of change of POC. All rows contain the same equation, expressng
the rate of change dPOC/dt as afunction of the variables and parameters. The next column
contains the integrated vaues of POC. Thefirg row containsthe initia vaue. Subsequent
rows updeate their value by summing (dPOC/dt )*ddlt to the previous vaue.

Thefdlowing columns for the other Sate variables follow exactly the same principle.



ANSWERS



Exercise 1 Conceptual model of lake eutrophication -
Solution

A minima modd of alake ecosystem should at least describe dissolved inorganic P (DIP),
agae and zooplankton. These are dl Sate variables. We might aso consider theindusion of
fishes, but these are generdly more difficult to modd. A good dterndive isto mimic the
effect of fishes on the zooplankton through a mortdity coefficient.

The processes of primary production, phytoplankton grazing by zooplankton, excretion and
mortdity will be induded.

It isaways best to gart with asmple mode, Here we will assume thet the weter iswell
mixed, such that the spatid scale will be the entire lake. A typica time scde is the seasond

cycle.

Lakes are generdly open, flow-through sysems, where water and nutrients are supplied
through the inflows and lost through the outflows. The water flow and nutrient input INTO

the lake depends on externd conditions (processes thet occur in the inflowing river, i.e.
outsde the contral of the modd). If these inputs change alot over time, we will impose them
asforcing functions in the modd. If they are roughly congtant, we could use a parameter
inseed.

Asthe lake iswdl mixed, the concentration of DIP, agae and zooplankton in the outflowing
water will equa the concentration in the lake. We will assume that the lake volume does not
change, 0 the flow rate of water out of the lake equals the inflow rate. By doing o, we do not
need additiond parameters or forcing functions to represent outflow.

If primary production is dso light limited at certain times, we adso need solar radiation, a
forcing function.

SImmaisng:
State variables
Dissolved inorganic P (DIP),
Phytqj&nkton, - DIP
Zooplankton \
Forcing functions:
How rateinto the lake and DIP
concentration in inflowing water Zoo
Solar redidion @
®
The effect of biomanipulaion could be Phyto
investigated by changing the zooplankton lake

mortaity under different flowrate regimes.



Exercise 2 Formulating the nutrient-limited batch culture

model - Solution
PhytO DINuptake

1. With pmax in d*, the units of DINuptaker ate are also d.

2. Theunitsof ks, arenmol N.dm® or mmal N n®. The spreadshest that investigates the
Monod kinetics might look like this

A | B | ¢ | b | E | F | & | H |
1
_2__ Parameters Hptakerate
3 |ks 1] _l
4 pMax 1 B2
L 1
B
7 |DIN Uptakerate 0 /
8 0 =phax (A/ (A +es) ® 05
9 [=AB+05  =pMax“(AS/(AT+ks)) |
A0 =AF+40.5  =pMax*(A10/(AI0+ks) 0
A [=AI0H0E  =phasc(AT 1/(AT 1 +ke)) 0.2
12 [=A12408  =pManc (A1 2/A12+kse))
13 [=A13H0E  =pManc (A 3AT 3 +ke)) d ; g - .
14 [=A14H0E  =pManc (AT 4/ (A1 4 +ke))
18 [=A15H1E  =pMaic(AIS/(ATIS+ke)) DIH (mmolim3)
16 |=A16+H1.8  =pMax(A16/A16+ks)

Varying the vaue of pmax changes the asymptotic (maxima) vaue of the uptake rete.
Ksisthe ‘hdf-saturation’” congtant, i.e. the concentration of DIN at which the uptake
rate is haf its maximad vaue. Changing its vaue changes the shape of the functiona
dependency.

3. Although we only want to know how the algee change as afunction of time, itis
necessary to congder both nutrients and dgee in a coupled modd. Thisis because the
availability of DIN determines the uptake rate of the dgee.

The conceptua modd comprises two state variables: the concentration of agae
(Phyto, mmol N i) and of DIN (mmol N m™). The uptake of DIN by the dgaeisa
source to the algae and asink for the nutrients. Total DIN uptake rate (mmol N nid?)
takes into account the concentration of the agae. (the higher gd concentration, the

higher the nitrogen uptake rate)
dPhyto _ Max DIN <Phyto
dt DIN +ks
dDIN DIN
—— =- pMaxx———-—xPh
a MGGV

The units of dPhyto/dt are mmol N m® d*
The modd isfully specified if we dso provide the initid conditions:



Phyto(t0) =01 mmol N n?®
DIN(t0) = 10.0 mmol N n?®

4. Massis fuly conserved: the amount of masstheat leaves DIN enters the Phytoplankton.



Exercise 3 Formulating the nutrient-limited chemostat
model - Solution

Nin 1. Inaddition to the previous exercisg, the
medium is diluted & a congtant rate of
Dilution 1% hour '1_

With dl the other parametersin days,
we need to recaculate the dilution rate

Phyto I <2 | DIN ind®. 001 hrlis equivaent to 0.24 d™.
r —_l (you will dilute 24 times more volume
in one day compared to one hour).
Dilution Dilution Diluting effectively replaces vessd

medium (which condsts of DIN and
PHYTO) by culture medium with known concentration Nin. Itisasink to PHYTO inthe
vessH, it replaces a certain amount of DIN in the vessel by Nin.

The coupled modd is given by the following equetions:

dPhyto _ pmax xPhyto DIN __ Dilrate xPhyto
dt DIN + ks

O _ _ pmaxxPhytox—2IN__ 4 Dilratex(Nin - DIN)
a P DIN + ks

where Phyto is hiomass of agae (molN.dm™), DIN is concentration of dissolved
nitrogen (MmolN.dm ), and the parameters are as given in the question.

2. Dimensond check.

For the dgd equation, the dimengions are as follows

dPhyto DIN )
= pmax XPhyto x——— - Dilrate xPh
dt P yio DIN + ks lirate>ehyto

mmolN.dm3 1 mmolN .dm™3 1
&:—*mrmlN.dm%* moiN.d - =*mmoIN.dm3

d d mmoIN.dm 3+ mmoIN.dm® d

mmolN.dm 3d * =mmoIN.dm3d™*- mmoIN.dm3d ™

which shows the consstency of dimensions. (Note that the dilution rate must be expressed
in units d* for this consistency!)
For the nutrients equation the solution is completely andogous.

3. Mass conservaion can be tested by writing the rate of change of totd nitrogen in the
model

d(Phytot DIN) _ pmaxxPhytoxﬂ- DilratexPhyto- pmaxxPhytoxﬂ+Dilrat@(Nin- DIN)
dt DIN +ks DIN +ks

=DilratexNin- DilrateqPhyto+ DIN)
= Inflow- outflow



Thetota massin the culture vessd is not necessarily congtant. Only when Inflow = Outflow
will this be the case. Thisiswhen Nin = Phyto+DIN, or when the total amount of nitrogen in
the culture vessd eguds the amount of nitrogen in the culture medium.

For mass to be conserved in the model, the rate of change of tota nitrogen must be equa to
inflow-outflow. Massisindeed conserved by the modd equations.

Investigating the growth rate of the dgae can be done in a spreadshest likethis

A B C D E F G
1
2 Parameters
3 Nin 10
4 DilRate 0.24
5 ks 1
6 pmax 1
7
8N Gross Net
9/0.01 =pmax*A9/(A9+ks) =B9-DilRate
10=Nin/100 =pmax*A10/(A10+ks) [=B10-DilRate
11=A10+Nin/100 | |
12
13 08
14 oy
135 s 06
16 E’ 05
1; g o4
1d g 03 7
20 E 02 ’
21 = o
22 | & o [ : : : : |
23 E L 1 2 4 £ B 10 12
24
5 -D;‘I
26 -03
27 H {(umolH.dm-3}
28




Exercise 4 Detritus-bacteria model - Solution

1. We may write the flow chart and conceptua modd equations as follows:

Basal respiration N
predation :ﬂ = FluxPOC- Hydrolysis POC

Loodt
BACT '
—I/ j GHMWC _ Hydrolysis_ POC - Hydrolysis HMWC
FluxPOC w; iration 1 dt
preion 1 g Mwe

Bact_Uptake

=Hydrolysis_ HMWC - BACT _Uptake

T dt
LMWC : dBACT _ BACT _uptake- Growth Respiration
i
Hycipiis_ HMWC f - basal Re spiration- Predation

The mathematicad mode equations are:
: arPoc = FluxPOC - BACT * k max poc* __Poc
i dt POC +kspoc
i AHMWE _ BACT * k max poc* __POC  _ BaCT *kmaxhmwe* HMWC
:, dt POC +kspoc HMWC + kshmwc
j dLMWC _ BACT * kmax hmwc * HMWC - BACT * UP max* __LMWE
T HMWC + kshmwc LMWC + ksUp
i
i dBACT _ BACT * UP max* __LMwe__, (1- pLoss) - rbas* BACT - rclos* BACT * BACT
Poodt LMWC +ksUp

3. The solution of the modd isin a spreadshest.

Note: thismodd iswhat we cdl a‘very siff’ modd, indicating thet there are large differences
in the rates that together form the modd. Such amode usudly hasto be run for along timein
order to reach Seady date, asthe Seady sate is determined by the dowest processin the
modd (here: hydrolysis of POC). However, it has to be run with asmal time step, asthe
dahility of the solution is determined by the fastest process (here: uptake of LMWC by
becteria). Stiff models are a numerica nightmare. There are specia dgorithmsto solve this
type of modds numericaly, and these are much more sophigticated than what we can show
here in a soreadshest !
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